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Although the chromatic number of a graph is not known in general, attempts 
have been made to find good bounds for the number. Here we prove that a K,,,-free 
and a {(K, u K,) + K,}-free graph has chromatic number at most equal to its 
maximum clique size plus one. 0 1989 Academic Press. Inc. 
INTRODUCTION 
It has been an eminent unsolved problem in graph theory to determine 
the chromatic number of a given graph. Failing in the efforts to determine 
this, attempts have been made to find good bounds for the chromatic num- 
ber of a graph. Vizing [4] proved that if the graph does not induce some 
nine subgraphs, then d(G) < x(G) < d(G) + 1 where d(G) is the size of 
maximum clique in G and x(G) is the chromatic number of G. Afterwards 
Choudum [ 1 ] and Javdekar [2] improved this result by dropping five and 
six subgraphs from the hypothesis, respectively. Ultimately Kierstead [3] 
showed that the same bounds hold for a K,, ,-free and a (K, - e)-free graph. 
In this paper, we give yet another class of graphs for which the same 
bounds hold. In fact, we prove that if G is K,,,-free and {(K, u K,) + K2)- 
free, then d(G) d x(G) < d(G) + 1. Thus if a graph induces K, - e but is 
K,,,-free and {(K2 u K,) + K,)-free, then still d(G) <x(G) 6 d(G) + 1. 
Notation. Let G be a graph. Then d(G), d(G), x(G), and deg, u denote 
the maximum degree, size of a maximum clique, chromatic number, and 
the degree of u in G. For a vertex v E V(G), N(u) denotes the set of vertices 
of G adjacent to v and N(u) = N(v) u (v). If SC V(G), then (S), denotes 
the subgraph of G induced by S. If C is some colouring of G and if a vertex 
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u of G is coloured M where CI E C, then u is called an cc-vertex. Before 
proving the main result, we prove some lemmas. 
LEMMA 1. Let G be a K,,,-free and an H= [(K,u K,) + K&free graph. 
Let v E V(G) be such that d( N(v))o > 4 and let T, c N(v) be such that 
IT,1 =d(N(v))o. Then (N(v)- T,), is complete. 
Proof: If possible, let (N(u) - T,), not be complete. Then there exist 
vertices II, WE (N(u)- T,) such that uw$E(G). Also as /T,l =d(N(v))., 
there exist a, b E T, such that au, bw $ E(G). As G is K,,,-free aw, bu E E(G) 
and a # b. Moreover, as 1 T,l 3 4, there exists c E T, such that c # {a, b}. If 
uc$E(G)(wc$E(G)), then (v,b, c,a,u)o=H((v, b,c, a, w)o=H), a 
contradiction. Hence UC, WC E E(G). But then (c, v, a, MJ, LI)~ = H, a 
contradiction. 
Thus (N(v) - T, ), is complete. 
LEMMA 2. Let G be a K,,,-free graph. Then each component of the 
subgraph of G induced by two colour classes is either a path or a cycle. 
By a subgraph induced by t.wo colour classes, say a and /I, we mean a 
subgraph of G in which every vertex is either an a-vertex or a p-vertex. 
Also if v E V(G), then’by an g-vertex of v we mean an a-vertex adjacent 
to u where c( is a clour in some colouring of G. 
MAIN RESULT 
THEOREM. If a graph G does not have K,,, and H = (K, v K,) + K, 
induced, then d(G) ,< X(G) d d(G) + 1. 
Proof: If possible, let there exist a K,.,-free and an H-free graph G such 
that x(G)>d(G) +2. Let G be such a graph with the minimum number of 
vertices. 
We consider two cases. 
Case 1. d(G) > 4. Let Q c V(G) be such that (Q), = Kdo,. Let u E Q. 
Let T= N(v)- Q. Then by Lemma 1, (T)o is complete and thus 
ITI <d(G)- 1. By minimality of vertices of G, x(G-u)dd(G--u)+ 1, and 
hence x(G - U) = d(G - U) + 1 = d(G) + 1. Let C be a (d(G) + l)-colouring 
of G-u. Then Q - u consumes exactly d(G) - 1 colours of C. Hence there 
exist two colours a and /I in ,Y such that a and /I are not used in Q - U. 
Moreover, there exist an cc-vertex and a p-vertex in T. For otherwise G is 
(d(G) + 1 )-colourable. 
We relabel vertices of Q as follows: 
Let u = vO. As I T( < d(G) - 1, there exists a colour, say CI~, in Z not used 
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in T. Now Q -U must have an xi-vertex. For otherwise colour u by GI, to 
get a (d(G) + I)-colouring of G, a contradiction. Let w  E Q - u be such that 
w  is an a,-vertex. Call w=vl. Again d(N(v,)),= IQ1 24; hence by 
Lemma 1 (N(u,) - Q), is complete. Also IN(u,) - Q] <d(G) - 1; hence 
there exists a clour CI? in C not used in {N(v,)-Q} u {ul). If Q-U does 
not have an al-vertex, then colour u1 by ~1~, u0 by c(~, a contradiction. 
Hence let z be an x,-vertex of Q - U. Let z = v2. We proceed similarly to get 
a maximal sequence vO, ul, . . . . ok of vertices of Q such that vi is an cl,-vertex, 
i = 1, . . . . k, clj+ 1 is a colour called a dual colour of zli, a,+, being a colour 
not used in { N(u;) - Q} u {vi}, i = 0, 1, . . . . k - 1, and cli # aj, for i # j. The 
rest of the vertices of Q are arbitrarily labelled uk+ 1, . . . . u,~, . Clearly k > 2. 
Let ak+, be a dual colour of vk. By maximality of the above sequence there 
exists t<k such that ~l~+r=c~~+~. 
Now each vi has an a-vertex and a B-vertex, CI and p being the colours 
used in T but not in Q - u, i = 0, . . . . k. For if there exists an i such that vi 
has no a-vertex (p-vertex), then colour vi by CI (p) and uj by aj+ 1, j < i, to 
get a (d(G) + 1)-colouring of G, a contradiction. Also as (N(vj) - Q)c is 
complete, vi has a unique a-vertex and a unique P-vertex, i = 0, . . . . k. 
Let a be an x-vertex of u,. If a does not have an c(, + ,-vertex, then colour 
a by z,+l, v, by a, and uj by qfl, j < t, a contradiction. Hence a has an 
c(,+ ,-vertex, say w. Note that as CI,, , is a dual colour of v, and as G is K,,3- 
free, a has a unique CI,+ 1- vertex. Consider the component of the subgraph 
of G induced by two colour classes a and ~1, + 1 containing a and w. From 
the above argument and Lemma 2, it follows that this component is a path 
say, P. If D,+ i $ V(P), then interchange colours along P, colour v, by tl, and 
colour vi by a1 + 1, j < t, a contradiction. Hence v,+ i E V(P). Similarly let R 
be a path induced by two colour classes IX and CI, + I containing the cc-vertex 
of vk. Again if v, + 1 $ V(R), then interchange colours along R, colour uk by 
CI, and colour vj by 01~ + i , j < k, a contradiction. 
Hence u,+ i E V(R). Now v,+~ has a unique a-vertex and G is K,,,-free; 
hence at least two of {v~, v,+,, uk} have the same a-vertex. Similarly at 
least two of {vt, u,+i, vk} have the same B-Vertex. 
Case 1.1. All three of (vi, u,+~, vk) have the same a-vertex or the same 
b-vertex. 
Let a be the a-vertex of vt, vI+i, vk. Then there exists an i such that 
vi E Q and avi $ E(G). If vi has no a-vertex, then i > k. Moreover, if v, has no 
a,-vertex other than v,, then colour vi by a, v, by c(;, and vj by oz,+ 1, j< t, a 
contradiction. Hence v, has an a,-vertex w  # vi. Now, a, w  E N(v,) - Q) and 
(N(v,)-Q), is complete, thus u~EE(G). If +vv,+~$E(G) and WV~#E(G), 
then Cut, a, v,+ 1, vk, w)~ 2 H, a contradiction. Hence either WV,+, E E(G) 
or wv,EE(G). But then (vl, a, vlfl, w, v~)~=H or (vt, a, vk, w, v~)~= H 
if WY,+ 1 E E(G) or WV, E E(G), a contradiction. 
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Thus ui has an x-vertex, say a’. Now as shown earlier at least two of the 
{u,, v,+ 1, vk} have the same B-vertex. Let uf, v,+ 1 have the same p-vertex, 
say b. Then as <N(v,)- Q>c is complete, ab EE(G). If bui$E(G), then 
<vu Vz+l, a, 6, vi)G = H, a contradiction. Hence bv, E E(G). Thus 
a’b E E(G). Now as uI, u,+ 1 have a unique cc-vertex, a # a’, a’v, 6 E(G), and 
, au,+,$E(G). But then (vi, b, v,, ultl, a’)G= H, a contradiction. By 
employing similar arguments we can show that even if either vt, vx- or v, + 1, 
uk have the same /?-vertex, we arive at a contradiction. 
Case 1.2. Case 1.1 does not hold. Let only L’,, U, + I have the same 
cc-vertex, say a. Let a’ be the cl-vertex of vk. As G is H-free and 1 Ql > 4, 
there exists an i such that u~E@{u,, u~+~, ukj and aviE,!?( Let b be 
the p-vertex of ut, then ab E E(G). As Case 1.1 does not hold, either 
bv, + 1 $ E(G) or bv, 4 E(G). Also if bv, $ E(G), then bu,, 1 # E(G). For if 
bv, 6 E(G) and bu, + 1 E E(G), then (v,, u, + 1, a, b, vk) = H, a contradiction. 
Hence bv,, 1 $ E(G) in any case. As v,, 1 has a P-vertex (E-vertex), let b’ # b 
be the one. Then ab’ E E(G). Again bvie E(G), for otherwise 
Co,, vi, v,+~, a, b),=H, a contradiction. Likewise b’ui E E(G), else 
Cv*, a2 vi9 vr+l, 6’) = H. But (N(v~) - Q) is complete so 66’ E E(G), a con- 
tradiction. Similarly we can prove that v,, vk cannot have the same a-vertex 
and neither can v, + 1, vk. 
Case 2. d(G) 6 3. If d(G) < 2, then as G is K,,,-free, d(G) < 2. But if is 
known that in such a case x(G) < 3. Let d(G) = 3. If d(G) d 4, then by 
Brooks theorem x(G) 64. Hence let d(G)3 5. First we show that if 
d(G) > 6 then a K,,,-free graph G has d(G) > 4. Let u E V(G) be such that 
deg, u B 6. Let {a, 6, c, d, e, f> c N(u). Without loss of generality assume 
that abE E(G). As d(G) = 3, (c, d, e, f)G # K4. Without loss of generality 
let cd+ E(G). Again either ca 4 E(G) or cb 4 E(G). Without loss of 
generality let cb $ E(G). As G is K,,,-free, db E E(G). Then da $ E(G). 
Further ac E E(G). Again either ea 6 E(G) or eb $ E(G). Without loss of 
generality let ea 4 E(G). Then eb $ E(G) and ed, ec E E(G). 
Thus (a, b, cx, d, e)c = C,. Similarly we can show that (a, b, c, d, f)G 
= C5. Hence, cf, dfg EG and j&, $5 $ E(G). But then fe $ E(G) as d(G) = 3. 
This produces a{ u, a,f, e ) G = K,,, in G, a contradiction. Hence d(G) 3 6. 
Thus d(G) = 5 where d(G) = 3 and G is a K,,,-free graph. 
Moreover, it follows that whenever there exists u E V(G) with deg, u = 5, 
(N(u))~= C,. Let UE V(G) with N(u) = {a, b, c, d, e). Let ab, bc, cd, de, 
en E E(G). As we are assuming that x(G - u) = d(G) + 1 = 4, without loss of 
generality, let a, b, c, d, e be coloured 1, 2, 3, 4, 2, respectively. Now 
ac 4 E(G) (ad+ E(G)) and hence a can have at the most one 3-vertex 
(Cvertex). Thus by Lemma 2, the component of G induced by colour 
classes 1 and 3 (1 and 4), containing a, must be a path. Also if c(d) does 
not lie on this path, then we can interchange colours along this path and 
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colour by 1, a contradiction. Hence c(d) lies on such a path starting from a. 
Let c’, d’ be the 3-vertex and the 4-vertex of a. As G is K,,,-free, 
c’d’ E E(G). Also either c’b E E(G) or c’e E E(G). Consider the following two 
subspaces. 
Case 2.1. c’b E E(G). Then d’b q! E(G) and d’e E E(G). Also either e lies 
in the component of G induced by colour classes 2, 3, containing b, c or b 
lies in the component of G induced by colour classes 2, 4, containing d, e. 
For otherwise we interchange colours in the component of G induced by 
colour classes 2,3, containing e and also in the component of G induced by 
colour classes 2, 4, containing b and colour u by 2, a contradiction. Hence 
without loss of generality let e lie in the component of G induced by colour 
classes 2, 3, containing b, c. Then e has a 3-vertex c” # c, c’. Thus 
deg, e = 5 and (N(e)) = C,. Hence c”d, c”d’ E E(G). Also, as shown 
earlier, d has a l-vertex a’ # a. Thus deg, d = 5 and ca’, ~“a’ E E(G). But 
then a’ is the only l-vertex of c. For otherwise deg, c= 5 and 
(N(c) )G # C,, a contradiction. Similarly a’ is the only l-vertex of c”. Thus 
c and a lie in different components of G induced by colour classes 1 and 3, 
a contradiction. 
Case 2.2. bd’ E E(G). Then be’ $ E(G) and ec’ E E(G). Again either d, e 
lie in the component of G induced by colour classes 2 and 4, containing b, 
d’, or b, c lie in the component of G induced by colour classes 2 and 3, 
containing e, c’. Without loss of generality let e, c’ lie in th!e component of 
G induced by colour classes 2, 3, containing b, c. Note that c is the only 
3-vertex of b. For otherwise deg, b = 5 but (N(b)), # C,, a contradiction. 
Hence c has a 2-vertex b’ # 6. As G is K,,,-free, b’dE E(G). Again d has a 
l-vertex a’ # a. Thus deg, d = 5 and b’a’, a’e E E(G). Also deg, e = 5 and 
a’c’ E E(G). But then c’ is the only 3-vertex of a as deg, a = 5 and also of a’ 
as otherwise deg, a’= 5, but (N(a’)),# Cg. Thus c cannot lie in the 
component of G induced by colour classes 1 and 3, containing a, a 
contradiction. 
Thus d(G) # 3. This completes the proof of the theorem. 
Remark. (1) We cannot omit K,,, from the hypothesis. For in case of 
Mycielenski graphs, they are H-free, have K,,, induced, and their 
chromatic number is very high. 
(2) We cannot omit H from the hypothesis. For consider a graph 
G,=C,+C,+ ‘. . n times. Then d(G,) = 2n and x(G,) = 3n 3 2n + 2 for 
n > 2. G, is K,,,-free as the maximum number of independent vertices in G, 
is two. But G, has an H induces for all n 3 2. 
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